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Fig. 3 Solution of the � utter equation with the aerodynamic moment
approximated by a � rst-order expansion from the imaginary axis.

three additional roots appear, one oscillatory and two nonoscilla-
tory. The additional oscillatory mode is stable, and its frequency
increases to match that of the oscillatory mode at V D 2:26. The
two nonoscillatory modes are initially both stable. One becomes
more stable and the other becomes less stable, becoming unstable
at the divergence speed.

In the g method of Chen6 the aerodynamiccoef� cient is approx-
imated by

CM®.p=V; a/ ¼ CM®.ik; a/ C .p=V ¡ ik/
@CM®.ik; a/

@ik
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and leads to the equation of motion
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The solutionis shown in Fig. 3. The pitchmode existsover the entire
speed range, and its frequency decreases but does not go to zero.
At V D 1:50, two stable nonoscillatory roots appear. One becomes
more stable and the other becomes less stable, becoming unstable
at the divergence speed. At V D 2:49, an unstable oscillatory root
bifurcates from the divergence root.

Conclusions
The present study shows that divergence is predicted very differ-

ently by three forms of the p–k � utter equationeven for the simplest
of cases. The differencesbetween the results are entirelydue to dif-
ferent approximations to the generalized aerodynamic forces. All
three forms do, however, predict the same divergence speed. This
is to be expected because divergence occurs at p D 0, where the
three approximations to the pitching moment coef� cient are equiv-
alent. However, aeroelastic divergence of free-� ying aircraft does

not occur at p D 0, and we can expect the three different forms to
predict different divergence speeds. None of the forms predict that
the frequency of the pitch mode goes to zero at divergence, which
is in agreement with the analysis in Ref. 7.
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Nomenclature
B = damping matrix
c = airfoil chord or mean wing chord
g = structural damping coef� cient, also 2 Re.p/c=[ .2/V ]
K = stiffness matrix
k = reduced frequency, !c=2V
M = inertia matrix
m = airfoil mass per unit span
p = eigenvalue,!.° § i/
Q I = aerodynamic damping matrix, Im[Q.k/]
Q R = aerodynamic stiffness matrix, Re[Q.k/]
Q.k/ = matrix of generalized aerodynamic forces
fug = vector of degrees of freedom
V = true airspeed
° = decay rate coef� cient
¹ = airfoil mass ratio m=[¼½.c=2/2]
½ = air density
! = angular frequency, rad/s

Introduction

F LUTTER analysismethods have been used to predict aeroelas-
tic divergencefor a varietyof cases, includinga hypotheticaljet

transport wing known as the BAH wing1¡3 and an airfoil with two4
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and three5 degrees of freedom. In the most of these cases, it was
concluded that divergence was due to an aerodynamic lag root be-
coming unstable. In the case of the BAH wing, the conclusionshave
not been consistent. In Ref. 1, which used aerodynamicstrip theory
and a transient � utter method, and Ref. 2, which used aerodynamic
lifting surface theory and a p–k � utter method, it was concluded
that divergence was due to an aerodynamic lag root becoming un-
stable. In Ref. 3, which used aerodynamiclifting surface theory and
a p–k � utter method, it was concluded that a structural mode di-
verges. Some of the confusion may be because the mode tracking
procedure inherent in the p–k � utter method does not provide a
complete solution inasmuch as it has no means of detecting addi-
tional roots and does not converge for all roots. In the present study,
a more complete solution to Rodden, Harder, and Bellinger’s form
of the p–k � utter equation6 for the two-degree-of-freedomairfoil4

was obtained by a root search procedure similar to that proposed
by Chen.7

Flutter Equation
Rodden,Harder, and Bellinger’s form of the p–k � utter equation6

is

Mp2 C B ¡ 1
4 ½cVQ I k p C K ¡ 1

2 ½V 2 Q R fug D 0 (1)

All of the coef� cient matrices in the � utter equation are real; there-
fore, the eigenvalues are either real or occur in complex conjugate
pairs.

An iterativesolutionprocedureis normallyusedbecausethe aero-
dynamic matrix depends on the imaginary part of p. A value for k
is assumed, either based on the converged solution at a previous
speed or on the natural frequency of the mode under study. The
eigenvalue problem is solved, and the eigenvalue corresponding to
the mode under study is identi� ed. The frequencyof the eigenvalue
is compared to the assumed value of k. If the difference exceeds a
predetermined value a new value for k is calculated from the fre-
quencyof the eigenvalue,and the process is repeated.This is known
as the method of successive approximation8 and converges only if
the absolute value of the slope of ! with respect to k is less than
2V=c, that is, if the magnitude of the slope of ! with respect to
2kV=c is less than 1.

Examples
The two examples of an airfoil with pitch and plunge degrees

of freedom of Ref. 4 were analyzed. The characteristics of the
two examples are the same except for the center of gravity loca-
tion: In example 1, it is at 37% chord, and in example 2, it is at
45% chord. The elastic axis is at 40% chord, the radius of gyra-
tion about the elastic axis is 25% of the chord, and the mass ratio
¹ D 20:0. The uncoupled bending and torsion frequencies are 10.0
and 25.0 rad/s, respectively, with equal structural damping coef-
� cients g D 0:03 in both modes. Except that the � utter speed of
example 1 is above the divergence speed and the � utter speed of
example 2 is below the divergence speed, the results are qualita-
tively very similar. Only the results for example 1 are presented and
discussed.

Solution Method
Incompressible � ow was assumed and the two-term approxima-

tion of Jones9 to the Theodorsen circulation function was used in
the calculation of the generalized aerodynamic forces.

At each velocity over the range 0.5–300 ft/s in increments of
0.5 ft/s, the eigenvalue problem was solved for a range of k val-
ues. Eigenvalues would be valid roots of the � utter equation if the
imaginary part of the eigenvalue corresponded to the assumed k
value. A change of sign of the difference [Im.p/ ¡ 2kV=c] indi-
cated the presence of a root, and the value of the root was deter-
mined by linear interpolation. The eigenvalues of the � utter equa-
tion for example 1 at 175 ft/s are plotted against 2kV=c in Fig. 1.
Only eigenvalueswith nonnegative imaginary parts are shown. The

Fig. 1 Eigenvalues of example 1 at 175 ft/s plotted against 2kV/c.

Fig. 2 Solution of example 1.

� rst eigenvalue is complex over the entire range of frequencies,
with one root at 19.0 rad/s. The second and third eigenvalues are
real up to 2.5 rad/s with both having a root at 0.0 rad/s. Above
2.5 rad/s, the second and third eigenvalues form a complex conju-
gate pair, with the third eigenvalue having a negative imaginary
part. The second eigenvalue has two more roots, at 2.7 and at
8.4 rad/s.

Results
The V – f and V –g plots for example 1 are shown in Fig. 2. The

dampingvalueswere all normalizedasde� ned in Ref. 3 fornonoscil-
latory roots. This was necessary to show a smooth transition from a
complex to a real root. The pitchmode, mode 1, � utters at 253.0 ft/s.
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The plunge mode, mode 2, existsup to a speed of 186.5 ft/s. Toward
the end of this range, the frequencydecreases sharply. It then meets
up with an additional oscillatory mode, mode 3. The frequency of
mode 3 decreases further with reducing speed, becoming zero at a
speed of 145.5 ft/s. Note that mode 3 has a correspondingcomplex
conjugate eigenvalue that is not a valid root because its frequency
does not match the assumed k value. As the frequency of mode 3
reaches zero, the complex conjugate eigenvalue becomes a valid
root. As the speed increases from 145.5 ft/s, one real root, mode 4,
becomes less stable and becomes unstable at the divergence speed,
216.5 ft/s. The other real root, mode 5, becomes more stable with
increasing speed.

Discussion
It can be seen from Fig. 1 that the method of successiveapproxi-

mation would not converge to the second root of the second eigen-
value.The plotof imaginarypartof the secondeigenvalue p2 crosses
the line 2kV=c from below, implying that the slope of Im(p2 ) with
respect to 2kV=c is greater than 1. Note that a Newton–Raphson
solution method8 would still converge.

The plot of the imaginary part of the second eigenvalue (Fig. 1)
retains its shape, but moves to the rightwith increasingspeed and to
the left with decreasingspeed.This is consistentwith the appearance
of the two real roots and one oscillatory root at 145.5 ft/s and the
disappearance of the two oscillatory roots at 186.5 ft/s. Note that
the shape of the plot is peculiar to Rodden, Harder, and Bellinger’s
form6 of the p–k � utter equation.

From Fig. 2, it can be seen that a mode tracking procedurewould
track the plunge mode up to the speed where the mode ceases to
exist or turns around and then converge to one of the real roots. This
is similar to the behavior reported in Ref. 4, except that the solution
convergedto the real root at speedswhere the oscillatoryroot should
still exist.

Summary
Whenever the frequency of a structural mode goes to zero, one

would expect the complex root to be replaced by two real roots at
higher speeds. A mode tracking procedure would track only one of
the real roots, implying that the solution would be incomplete. The
divergence roots in the case of the two examples of Ref. 4 are the
logicalcontinuationof structuralmodes after their frequencieshave
gone to zero. Calling them aerodynamic lag roots does not seem
justi� ed.
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Nomenclature
B = viscous structural damping matrix
c = airfoil chord
g = structural damping coef� cient, also 2Re.p/c=[ .2/V ]
K = stiffness matrix
k = reduced frequency, !c=2V
M = inertia matrix
m = airfoil mass per unit span
p = differential operator, d=dt
Q = matrix of generalized aerodynamic forces, a function

of Mach number and pc=2V
Q I = imaginary part of Q
Q R = real part of Q
fug = vector of degrees of freedom
V = true airspeed
¹ = airfoil mass ratio m=[¼½.c=2/2]
½ = air density
! = angular frequency, Im.p/

Introduction

I N Ref. 1 the aeroelastic divergence of two unrestrained airfoil–
body systems was investigated using the British (p–k) � utter

method. It was concludedthat the systems divergedin an oscillatory
fashion rather than quasi statically as is the case with restrained
systems. It was also found that the divergence speeds as determined
from the � utter analysis were slightly different from those obtained
by quasi-static unrestraineddivergenceanalysis.2

In the present study, the second example of Ref. 1 was analyzed
using four forms of the p–k � utterequation,namely,Hassig’s form,3

Hassig’s form with the rigid plungedisplacementdegreeof freedom
eliminated, Rodden, Harder, and Bellinger’s form,4 and the exact
equationof motion.These results show the link betweenquasi-static
unrestraineddivergenceanalysisand the dynamicstabilitymethods.

Solutions
The characteristics of the two examples of Ref. 1 are the same

except for the center of gravity location: In example 1 it is at 37%
chord and in example 2 it is at 45% chord. The chord is 6 ft, the
elastic axis is at 40% chord, the radius of gyration about the elastic
axis is 25% of the chord,and the mass ratio ¹ D 20:0. The uncoupled
bendingand torsionfrequenciesare10.0and25.0rad/s, respectively,
with equal structural damping coef� cients g D 0:03 in both modes.
The airfoil plunge spring is attached to a body with only a plunge
degree of freedom and mass equal to the airfoil mass.

Incompressible � ow was assumed, and Jones’s approximation5

to the Theodorsen circulation function was used in the calculation
of the aerodynamiccoef� cients. A root search technique6 was used
rather than the traditional mode tracking method of solution. The
dampingvalueswere all normalizedasde� ned in Ref. 7 fornonoscil-
latory roots. This was necessary to show smooth transitions from
complex to real roots.

The equation of motion of the system is

Mp2 C Bp C K ¡ 1
2
½V 2 Q.pc=2V / fug D 0 (1)

For most practical problems, the solution of Eq. (1) is a formidable
task, mainly because of the dependence of the generalized forces

Received 22 May 2000; revision received 27 November 2000; accepted
for publication 30 November 2000. Copyright c° 2001 by the American
Institute of Aeronautics and Astronautics, Inc. All rights reserved.

¤Engineer, Defence Aeronautics Programme, P.O. Box 395.
†Scientist, Defence Aeronautics Programme, P.O. Box 395.


